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ABSTRACT 

If f is a nonconstant holomorphic function with finite Dirichlet integral D(f) on 
a Riemann surface R, then Ill 2 has the least harmonic majorant fz on R. We 
show Ef2(a)_- < ~'-~D(f), where a runs over all the roots of f = 0  on R. The 
equality holds if and only if f is of type ~tel from R onto a disk of center 0. A 
consideration is proposed for the non-Euclidean case. 

1. Introduction 

Let  R be a R i e m a n n  surface having the G r e e n  funct ions gR (z, w) with poles 

w E R. Each  function f ho lomorph ic  and Dirichlet-finite on R, 

f fR lf'(z)12dxdy <~' z = x  + i y ,  

is then known to be in the H a r d y  class H2(R) in the sense that  the subha rmonic  

funct ion I f  12 is major ized  by a ha rmon ic  funct ion h on R, that  is, I f  12 =< h on R. 

The re fo re ,  the least ha rmon ic  m a j o r a n t  f2 of  I f  12, the smallest  a m o n g  all the 

ha rmonic  funct ions major iz ing  I f  12 on R, exists. Our  main  result  is 

THEOREM 1. Let f be a function nonconstant, holomorphic, and Dirichlet- 
finite on R. Then 

(1.1) ~ f2(a)<= 7r-lf fR If'(z)12dxdy' 
f(a)=O 

where a in the left summation runs over all the zeros of f, the multiplicities being 
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counted. The equality in (1.1) holds if and only if f is of type ~(, from R onto an 
open disk ]t w [<p},  p > 0 ,  in the complex plane. 

The left-hand side of (1.1) is zero if f has no zero. A nonconstant analytic map 

f from R into another Riemann surface S, also having Green's functions 

gs(z, w), is said to be of type ~ ,  in the sense of Heins [2, p. 447] if for each 
w E S, the equality holds in R : 

(1 .2 )  gsff(z),w)= ~ gR(z,a), zER, 
/(a)=w 

where a runs over all the w-points of f, the multiplicities being counted. 

If f is of type ~(1 from R onto {[ w [< p} and if f is Dirichlet-finite, then for 

each w, [ w [ < p, the number of the roots of f = w on R is fnite and the same by 

[2, Theorem 21.2, p. 470]. 

In the specified case R = S = A = - { I w  i< t} ,  and f is Dirichlet-finite, we 

readily observe that f is of type ~C, if and only if f is a finite Blaschke product. 

For the proof we just make use of Frostman's theorem [1, Theorem 2.14, p. 35]. 

Thus, in the case R = A, the equality in (1.1) holds if and only if f is a finite 

Blaschke product multiplied by a positive constant. 

2. An identity 

The inequality (1.1) is an immediate consequence of the identity (2.1) in the 

following 

THEOREM 2. For f in the assumption of Theorem 1 we have 

(2.1) ,,~=of~-(a)=Tr-lff R 

where 

PROOF. 

]f'(z)12dxdy -47r ' f fR I(a/az){If(z)Ie~'Z'}12dxdy" 

g(z)= ~ gR(z,a), 
/(a)=o 

alaz = {(a/ax - ialay). 

Let D be a subdomain of R, whose closure D U 9D is compact and 

whose boundary OD consists of a finite number of mutually disjoint, analytic 

Jordan curves. Let ak (k => 1) be all the distinct zeros of f in D, and let nk be 

their orders. We shall prove (2.1) for R = D first, namely, 

~nkf2.o.(ak) = ~ ' f fo ' f fo [(O;Oz,{lf(z)[ego(z)}l:dxdy, 

(2 .2 )  
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where f2,o is the least harmonic majorant of If [2 in D, and 

go(z) = ~ nkgo(z, ak), 
k 

go(z, ak) being the Green function of D with pole at ak. Since there exists a 

sequence {Dn}~l of the domains of the described type on R exhausting R in the 

sense that D, U 3D, CD,+I (n => 1), R = I,.J~D,, we obtain (2.1) on letting 

D = D, in (2.2) and then letting n ~ o o .  Since the Green function go,(z,w) 
converges to gR(z, w) locally and uniformly in R \{w}, the limiting process is 

possible. 

For the proof of (2.2) we choose yk = {[ z - ak [= < e } in each parameter disk of 

center ak, where e > 0 is common for all k, such that D = D \ I,.J k Yk is again a 

domain of the described type. By the Green formula, 

f fo. Ar A('f[2e2g")dxdy : f f o, A{(1-e2g~ 

(2.3) 

= fo (O/Ov){(1-e~-~~ 
D~ 

where ~/3v means the differentiation in the direction of the outward-pointing 

normal and ds is the element of the arc length. The integrand in the last line of 

(2.3) is divided as 

on 3D : 

- 2 If [~-Ogo/Or -= - 2 ~ nk If I'-Ogo (Z, a~)/,gv ; 

on 07k : 

- [(O/Or) lf(rff + a~) I=1,=~ + [(o/or) l f (q  + ak)t 2 exp{2go (r~" + ak)}] . . . .  

where ] ~" I = 1. Since a ( I f  12) = 4If' [ 2 in D~, and 

f~,D(a")= --(2~) ~ foo If[ 2cggD(z,ak)/cgvds' k=>l;  

A(If l2e2~o)=16r(O/Oz) ( I f l ego) l  2 inDE, 

we obtain, on letting e ~ 0 in (2.3), the identity 

4Ifo [f'(z)12dxdy- 16 f f o  I(O/Oz){lf(z)[eg~ = 4 r  nkf2,o(ak), 

whence (2.2). 
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3. Proof of Theorem 1 

It remains to prove when the equality in (1.1) holds. To prove the "if" part we 

may assume without loss of generality that p = 1. It follows from 

- l o g  If(z)l=g~(f(z),O)=g(z) inR,  

that I f i e  ~ = 1 in (2.1), whence the equality in (1.1) holds. 

To prove the "only if" part we suppose that I f l  e8 is a positive constant, which 

we may assume to be 1, on R in (2.1). Since Ifl=e-~<l on R, f(R)CA. 
Therefore, 

- l o g  I w [ + H ( w )  = gr(R)(w, O) <= ga(w,0) = - l o g  I w i n / ( R ) ,  

whence H <0 .  By [2, (1.1), p. 440], 

gr(,,,(f(z),O) = g ( z ) +  u(z )  = - l o g  I f(z)l + u(z), 

where u => 0 is harmonic on R. Since 

O<=u(z)=-H(f(z))<=O o n R ,  

it then follows that u = H = 0. 

For the shape of f(R), we note that gr~R)(w,0)=-log ]w I for w Ef(R) .  
Hence A N Of(R)= O on considering the boundary values of gf<R)(w,O), so that 

f (R)  = A. 
Since the quasibounded part of the Parreau decomposition of u is constant 

zero, f : R --> A is of type ~C by [2, Theorem 4.1, p. 446]. Since f is Dirichlet- 

finite, the valence function vr [2, (8.5), p. 455] is finite for a.e. point of A. By the 

first half of [2, Theorem 21.2, p. 470], sup v I < ~. In particular, the last term in 

(3.1) -log If(z)l =g(z)= ~ gR(z,a) 
/(a)=0 

is a finite sum. 

Let 7r:A---> R be a universal covering map. 

Theorem XI.13, p. 522], 

By Myberg's theorem [3, 

together with 

gR(~'(w),a)= ~ g~(w,b), wCA, 
~(b)=a 

(3.2) ~,~oo (1 - I b r) < ~- 

Combining (3.1) and (3.2) we find 
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with 

- l og  I q o ~ ) ( w ) l =  ~ ~ ga(w,b), w EA, 
f(a)=O -a'(b)= a 

E s (1-1bl)<~. 
/(a)=O ~r(b)=a 

By Littlewood's theorem [3, Theorem IV.33, p. 170], 

)ira ~ foa log [(fo zr)(rff)l I dff I 0. 

By Riesz's theorem [1, Theorem 2.12, p. 32], we observe that f o 7r is a Blaschke 
product. Furthermore, the Riemannian image of A by f o ~r, which coincides with 
that of R by f, has finite area, so that fo ~r must be a finite Blaschke product. 
Since f o ~r is of type ~gl, it follows from [2, Corollary, p. 472] that f itself must 
be of type ~gl and our Theorem 1 is established. 

4. Non-Eucl idean area 

For f nonconstant, holomorphic, and bounded, t fl  < 1, on R, the non- 
Euclidean area of the Riemannian image of R by f is 

(4.1) f JR ]f'(z)12/(1-1f(z)12)2dxdy" 

What is a counterpart of (2.1) in this case? We prove 

THEOREM 3. For f described above with finite integral (4.1), we have 

f,~=ofxCa)= 1r-'J JR If'(z)12/Cl-lfCz)12)2dxdy 

(4.2) f / .  
qr - I  J JR e~'x q)t4-'A(log X q)) +l(a/Oz)(2g + log ~ q))Iqdxdy, 

where A (f) = - log(1 - ]  f Is),/~ is the least harmonic majorant of A (f) in R, and g 
is the same as in Theorem 2. 

Note that A log A (f)-> 0, and 4-'A[e2gA ~)] is the same as the integrand in the 
second integral in (4.2). The proof is in spirit the same as that of Theorem 2. As 
an immediate consequence of (4.2) we obtain the strict inequality: 

f f R If'(z)12 /(l-lf(z)12)dxdy, 

a counterpart of (2.1). 
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Added in proof. The proof of the "only if" part in the last sentence in 

Theorem 1 given in Section 3 is not true for general R. We suppose that R is 
regular [2, p. 455], and follow the proof up to the inequality sup ut < oo just 

before (3.1) (we omit the remaining part in Section 3). It then follows from [2, 

Theorem 8.1, p. 455] that for each q E f(R)  = A, the singular harmonic function 

ga([(z),q)- ~=qgR(z,a), z ER,  

must be zero, whence f is of type ~ .  
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